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We propose a scenario for particle-mass generation, assuming the existence of a physical
regime where, firstly, physical particles can be considered as point-like objects moving in
a background space-time and, secondly, their mere presence spoils the invariance under
the local diffeomorphism group, resulting in an anomalous realization of the latter. Under
these hypotheses, we describe mass generation starting from the massless free theory. The
mechanism is not sensitive to the detailed description of the underlying theory at higher
energies, leaning only on general structural features of it, specifically diffeomorphism
invariance.
The problem we address in this work is the origin of particle masses. Even though
a strong emphasis has been placed on this issue throughout the development of
modern physics, the subject seems far from being resolved.
The correction of the mass of a particle as an effective consequence of its in-
teraction with the surrounding environment is a very old idea that can be tracked
to nineteenth-century hydrodynamics. In fact, for many different physical systems
describing the motion of an object inside a classical continuum fluid, the solution
of hydrodynamical equations admits an effective treatment in which the object be-
haves as in free motion with a corrected or renormalized mass which depends on
general features such as boundary conditions. The extension of these ideas to elec-
trodynamics led J.J.Thomson to the introduction of the notion of electromagnetic
mass of a charge as a consequence of the interaction with its own electromagnetic
field, fundamental element in the later Lorentz’s theory of the electron 1. With the
arrival of the Quantum Theory, the efforts by Kramers (largely inspired in Lorentz’s
insights) resulted in the connection between the previous classical ideas and the new
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problems related to the divergences appearing in the calculation of the electron self-
energy, leading to a radiative mass renormalization. In the early days of Quantum
Electrodynamics there was hope of developing a fundamental theory that would
eliminate the divergences and successfully derive the actual values of its character-
istic parameters. However, the eventual resolution of the problem by implementing
the renormalization program finally led to a situation in which Quantum Field The-
ory (QFT) appears as an effective theory. In fact, physics beyond a certain energy
scale is not probed, though the renormalization of certain parameters of the model,
among them the masses of the particles, non-trivially affects lower-energy physics.
In this scenario, the idea of mass as self-energy has withered away to moot status.
Nevertheless, conceptually different mechanisms can be devised for addressing par-
tial yet fundamental aspects of the mass-origin problem, an example of which is the
use of lattice QCD techniques for light hadrons 2. In any case, questions such as
lepton masses or cosmological dark matter, remain open.
From this historical detour (see 3 for further details), we extract our two main
guidelines. Firstly, we take up the old idea of emphasizing the interaction with
the surrounding fields as fundamental in the generation of mass and, secondly, we
adopt an effective aproach in which physics beyond a certain scale is not discussed.
The presence of unanswered questions suggests the introduction of physics often
ignored in the mass generation problem. An appealing (and obvious) candidate
for the missing physical ingredient is Gravity with its associated diffeomorphism
invariance, generally not considered in high-energy particle physics. Therefore, the
only explicit condition we shall impose on the underlying fundamental theory is an
essential role for the notion of diffeomorphism invariance.
When adopting the above-mentioned effective attitude, it seems reasonable to
admit the existence of a scale of energies in which standard QFT is a good approx-
imation, and its notion of a particle as a local excitation of the vacuum resulting
from the action of a local field operator applies. We are also implicitly accepting
a notion of space-time as a differentiable manifold making up the background in
which particles move. We shall phenomenologically separate the intrinsic dynamics
of this effective background, governed by classical General Relativity, from the effect
that the underlying diffeomorphism invariance could exert in the quantum proccess
of particle creation.
We are therefore studying a regime in which physical particles can be considered
as point-like objects and the classical dynamics of space-time is decoupled (adiabatic
condition). The adjective physical appearing here is essential, as opossed to the ideal
test particles, causing an effective breakdown of the space-time notion at the point
itself on which the particle lies. We are suggesting that physical particles literally
pierce space-time, producing a hole. This has profound consequences in the quan-
tum model describing particle creation. It can be shown 4 that the presence of a hole
in a two-dimensional manifold induces anomalous (central) terms in the quantum
commutators between (some of) the generators of diffeomorphism invariance, thus
spoiling this classical symmetry (even though this can be properly healed in spe-
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cific theories). We propose that this phenomenon generalizes to realistic space-time
dimensions, inducing an anomalous realization of classical diffeomorphism symme-
try in the effective quantum process of particle creation, something that could be
supported by the analysis of the leading terms of appropiate Operator Product Ex-
pansions. This does not contradict an exact implementation of this symmetry at
higher energies, when using a more fundamental model for the coupling between
the gravitational and matter degrees of freedom. It simply means that the price we
must pay for avoiding such a detailed description, and admitting an effective treat-
ment in which classical space-time is decoupled, is the acceptance of a breakdown
of classical diffeomorphism gauge invariance.
The previous heuristic motivations can be synthesized in the following hypoth-
esis: there exists an effective regime in which physical particles are point-like and
their creation process entails a breakdown of classical diffeomorphism invariance,
the latter being realized in an anomalous way.
The presence of an anomaly in a local gauge theory obstructs the reduction of
degrees of freedom for which the gauge symmetry is devised, entailing an enlarge-
ment of the physical phase space performed by the spurious (in principle) modes a.
This issue poses serious concerns for the consistency of the theory, at least when ap-
plying standard techniques, something especially critical when addressing the gauge
theory as fundamental (attempts to construct consistent anomalous theories do ex-
ist 5 and the above-mentioned explicit appearance of extra degrees of freedom can
be made apparent). However, the presence of an anomaly can also be interpreted as
a signature for understanding the theory as a low-energy effective model, indicating
the existence of new physics at higher energies 6. This is precisely the situation we
are dealing with here. The influence of higher-energy degrees of freedom is encoded
in some effective degrees of freedom arising in the anomalous low-energy theory.
A standard way in which an anomaly manifests itself, in accordance with the
considerations above, is through the appearance of extra terms in the quantum
commutators with respect to the ones defining the classical symmetry. Therefore,
we propose that the diffeomorphism symmetry is realized in the effective theory as
an extension (not necessarily central) of the classical local diffeomorphism algebra.
For concreteness we focus on the tensorial extensions, which are classified in 7 and
discussed in 8. We shall work in momentum space and denote the diffeomorphism
generators by Lˆµ(m), the fields corresponding to the particles generically by Φˆa(m)
and the tensorial extensions by Aˆi(m) (µ is a space-time index, a and i internal
indices and m a vector labelling momentum space). In this notation, the quantum
brackets are given by:
[
Lˆµ(m), Lˆν(n)
]
= mνLˆµ(m+ n)− nµLˆν(m + n) + ciµν(m,n)Aˆi(m+ n)[
Lˆµ(m), Φˆa(n)
]
= −nµΦˆa(m+ n)
aA familiar example of this phenomenon in string theory is the Liouville mode in the non-critical
string.
3
[
Φˆa(m), Φˆb(n)
]
= αˆab(m,n) , (1)
where ciµν(m,n) is the cocycle linked to the anomalous extension giving effective
dynamical content to the diffeomorphisms and αˆab(m,n) provides the standard
commutators of the free fields.
To give a specific meaning to the entire foregoing discussions, we need to con-
struct explicitly a physical model describing dynamics consistent with the algebra
(1). A particularly well suited formalism for such a task is the so-called Group
Approach to Quantization (GAQ, see 9). In short, the main achievement of this ap-
proach is the construction of physical dynamics out of a given Lie algebraic structure
taken as the only physical input. The technique, in some points, resembles Kirillov’s
construction of dynamics on the coadjoint orbits of a group 10 and shares some im-
portant general features with Geometric Quantization 11. The final outcome is an
explicit unitary and irreducible representation of the operators in the starting Lie
algebra.
When applying these techniques to algebras of the type (1), we obtain maximum-
weight representations (possessing a unique vacuum in the Hilbert space), where the
corresponding diffeomorphism operators Lˆµ(m) act and genuinely raise and lower
the physical states, according to their gained dynamical content. A most impor-
tant precise and general (perturbative b) result is the construction of an (effective)
Hamiltonian operator for the system with the general form:
Hˆeff = Hˆfree
(
Φˆ†, Φˆ
)
+
∑
m
θµν(m)(Lˆµ)
†(m)Lˆν(m) +
+ Hˆmixing
(
Φˆ†, Φˆ, (Lˆµ)†, Lˆµ
)
, (2)
where Hˆfree is the Hamiltonian corresponding to the free massless field theory, the
second term is a pure dynamical-diffeomorphism quadratic contribution to the en-
ergy (θµν (m) is a c-number function on m which closely depends on the inverse of
the cocycle ciµν(m,n)) and Hˆmixing corresponds to higher-power terms involving
a potential mixing among all the operators. Appearing perhaps as an odd phe-
nomenon, the lowest-order term producing interaction is not found inside Hˆmixing ,
but already in the quadratic diffeomorphism one, the reason being the non-canonical
form of the commutators in (1), in particular the second one. This will be appar-
ent in a specific example below. Regarding the expression (2), our claim is that
the terms correcting the free Hamiltonian, could account for the mass terms in the
effective theory.
Finally, we are in the position of unambiguosly stating our conjecture: a crucial
part of mass generation can be phenomenologically described as a (radiative) cor-
rection resulting from the interaction between the massless fields and some effective
degrees of freedom appearing from the mere existence of particles.
bA crucial step of GAQ consists in exponentiating the starting Lie algebra. When the latter
is infinite-dimensional this is a enormous task and only an order-by-order procedure is generally
feasible, leading to perturbative though renormalized results.
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Of course, a real prediction of this contribution to the mass would require a
knowledge of the underlying fundamental theory, since it plays the role of fixing the
values of the extensions in the algebra (1) and therefore of the key θµν(m). Beyond
that, the mechanism is not sensitive to the higher-energy detailed description which
could find support on strings theory, loop quantum gravity, a non-commutative
version of geometry, a more sophisticated QFT or another effective yet more funda-
mental model, such as worm-holes (see 12) in Euclidean quantum gravity. A serious
attempt to provide a realistic example in this context deserves a careful analysis
on the potential anomalous breaking of diffeomorphism invariance in current can-
didates for fundamental theories. For the time being, we present an over-simplified
illustrative example, consisting of a free real scalar field in one (compact) spatial di-
mension. With the ansatz that only the spatial diffeomorphisms become dynamical,
the relevant algebra is:
[
Lˆm, Lˆn
]
= (m− n)Lˆm+n + cm3δm+n,0[
Lˆm, aˆn
]
= −naˆm+n
[aˆm, aˆn] = mδm+n,0 . (3)
The Hilbert space is constructed from a unique vacuum state |0 >, by applying
the creation operators αˆ†n ≡ 1√n aˆ−n and Lˆ†n ≡ Lˆ−n, with n > 0, and where the
annihilation operators are given by αˆn ≡ 1√n aˆn and Lˆn (n ≥ 0). The operators
αˆ†n, αˆn now satisfy the standard canonical commutators: [αˆn, αˆ
†
m] = δn,m. The
perturbative calculation of the Hamiltonian of the system (which can be derived
from Noether invariants in 13, together with a proper setting in the values of the
central extensions there) yields:
Hˆ =
∑
n>0
(
nαˆ†nαˆn +
1
cn2
Lˆ†nLˆn + ...
)
. (4)
The expression from the standard treatment of a free field with mass M presents
only a term Hˆfield =
∑
n>0
√
M2 + n2αˆ†nαˆn (we are explicitly omitting zero-energy
terms). Taking into account that the expression in (4) is only perturbative, we must
look for a regime in which we can coherently compare it with Hˆfield
c. This can be
achieved by expanding the field dispersion relation for large n. Thus we have
Hˆfield =
∑
n>0
n
√
1 +
M2
n2
αˆ†nαˆn =
∑
n>0
(
nαˆ†nαˆn +
M2
2n
αˆ†nαˆn + ...
)
. (5)
The explicit way of comparing both approaches is accomplished by evaluating (4)
and (5) on physical states, in particular on 1-particle states |k>= αˆ†k|0>. One can
cThe comparison with the corresponding expression in a first-quantization theory such as the
standard treatment of the bosonic string would be formally more straightforward, but this is not
our aim here.
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raise the question about the convenience of using |k >= αˆ†k|0> to implement the
physical 1-particle states in the theory with dynamical diffeomorphisms, where the
excitation of these effective modes would suggest the possibility of a more general
linear combination containing Lˆ†k|0> states. At worst, one could consider (4) in the
spirit of perturbation theory over a free massless scalar field, thus using the non-
perturbated |k >= αˆ†k|0 > to evaluate first-order corrections to the energy levels.
This is the approach we shall use here.
The correction to the excitation energy of the massless particle, calculated in the
quantum effective theory derived from (3), accounts for the energy of the interaction
with the effective diffeomorphism degrees of freedom. Even though this energy could
show a complicated behaviour in the momentum of the particle, we separate the
intermediate (low) and very high-momenta dependence and attempt to extract the
energy related to the mass out of the form of the interaction energy at the lowest
appearing momenta. Therefore, when evaluting the second term in (4) (which we
shall denote by HˆL) we expect to find an expression that can be identified with
the one coming from the second term in (5) plus an energy corresponding to very
high-momenta dependence (Eh−m):
<k|HˆL|k>
<k|k> =
M2
2k
+ Eh−m . (6)
The evaluation of the first member gives the finite result:
<k|HˆL|k>
<k|k> =
1
c
k−1∑
n=1
k(k − n)
n2
. (7)
The identification of the particle-mass out of (7) is guaranteed by the existence of
terms in the sum with a k−1 behaviour (using large k). Therefore,
M2
2k
∼ 1
ck
⇒M ∼
√
2
c
. (8)
The rest of the energy is in fact a very high-momenta correction to the interacting
energy, implying high-energy deviations from the dispersion relation we are trying
to match. The inclusion of these corrections in a corresponding field theory without
diffeomorphisms, would imply the correction of the propagator of the free field.
Therefore, as long as we do not deal with very high energies, a field theory of a
Klein-Gordon scalar field with mass M =
√
2
c
is a good model of the effective
quantum theory defined by (3), thus involving a rationale for the origin of the mass
parameter in the field theory. However, when we extend the application range of
the Klein-Gordon model beyond its limits, we are disregarding the above mentioned
high-momentum interacting energy and, as a matter of fact, we are decoupling it
from the non-gravitational interactions. We have then an energy, and therefore a
source for the gravitational field dynamics described by Einstein equations (which
6
we decoupled from the very beginning) that is not seen by the rest of physical
interactions, and thus it is completely dark. It is tempting to suggest speculatively
this as an avenue towards the dark-matter problem. When studying the two-particle
states, we find
<kl|HˆL|kl>
<kl|kl > =
k
c
k−1∑
n=1
k − n
n2
+
l
c
l−1∑
n=1
l − n
n2
+
+
kl
c(1 + δn,k)
(
1
(k + l)2
+
δk 6=l
(k − l)2
)
, (9)
where the first two terms in r.h.s. correspond to the masses of the particles and
its high-momenta corrections while the third term can be interpretated as an extra
energy needed to maintain the particles separated (note that it is positive, so that
we must do some work to have separated particles).
Finally, we should point out that the use of the Virasoro algebra does not turn
the two-dimensional example into a too special case, since a direct generalization to
higher dimensions is in fact provided by the non-central Virasoro-like extension8 ob-
tained by making ciµν(m,n) = c mµnν(m
i−ni) and Aˆi(m) = Sˆi(m) in (1), although
involving much more cumbersome expressions. The only aim of the presented ex-
ample is that of providing a taste of and sparking intuition for the potentialities of
expressions (2) and (4), the real point we wish to emphasize. Rigorous analyses re-
quire a subtle weaving together of the possible extensions in (1), the field dispersion
relation we seek to fit and the possibility of more complex settings in which those
elements may act.
In conclusion, we have posed a simple framework for mass generation of particles
by proposing a mechanism capable of endowing massless free fields with a non-zero
mass. Even if this is a tiny effect, it would provide a non-zero germ suitable of
being amplified with other mechanisms such as the multiplicative renormalization
appearing in QED for the electron. The present description has an effective nature
and is quite insensitive to the underlying fundamental theory, provided that dif-
feomorphism invariance plays a fundamental role. This last point is reinforced by
Mach’s conceptual intuitions linking inertia and Gravity. A heavy use of the image
of particle creation as an inherently quantum process is displayed. This can be
explicitly seen in the example discussed by underlining the dependence of particle
masses on the central charge of the Virasoro algebra in (3), in such a way that they
vanish in the classical limit c→∞ (see 14), thus revealing themselves as a quantum
phenomenon. Let us finally state that, though the presence of (non-gravitational)
interactions is crucial in ascribing a point-like nature to the particles in QFT, once
we accept such a nature we can get rid of those interactions and deal essentially with
free theories as a starting point for the proposed mechanism. Therefore, even if our
conjecture of relating a mass origin for particles to the interaction with the some
effective degrees of freedom does not fully work, the proposed radiative corrections
could imply important and observable consequences on the energy spectrum of free
7
fields, in particular entailing modifications in the field propagators.
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